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Abstract

In mathematics, Emmert’s law states that objects that generate retinal images of the same size
will look different in physical size if they appear to be locating at different distance. Ames Room
is one of the applications of Emmert’s law where the projected height of the person changes
when the location of the person changes. Ames room used this law, thus creating an optical
illusion of two people of the same height are abled to be viewed of different heights and we

wanted to explore into it more.

In the project carried out last year, we came up with the idea of finding the relationship of the

projected height and actual height of the person.

We used trigonometry to find the relationship between the projected height of an average person
and the real height of the person, ratio of the sidewalls, the angle between the back wall and the

sidewall and the width between the sidewalls.

We also explored into different types of case scenarios of whenever the ratio of the walls
changes to make the general equation more explicit. Our general equation may help those who
want to make use of the Ames room effect especially if they want to build it such a way that the

back person may achieve the target projected height.

Most Ames rooms was limited to sidewalls have a ratio of 1 : 2. Thus, we explored into that

aspect even further and discovered a new general equation regardless of the ratio of the side

2
4hactual
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Chapter 1 Introduction

1.1 Objective

Our objective is to find out the relationship between the projected height of a person and the
actual height of the person, ratio of the parallel walls, angle between the back wall and sidewall

as well as the width of the wall, in an Ames room.

1.2 Insight
We wanted to find out the projected height of an average person in a room with different
measurements so museums could build Ames Rooms based on the projected height of the back

man they wish to achieve.

1.3 Background

Adelbert Ames Jr., who was an American scientist, inspired the Ames room. He contributed a lot
to physiology, ophthalmology, physics, psychology and philosophy. He served as a research
professor at Dartmouth College, then as a director of research at the Dartmouth Eye Institute. He
researched into certain aspects of binocular vision, like aniseikonia and cyclophoria. He is

famous for building optical illusions of visual perception just like the Ames room.
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Chapter 2: Literature Review

2.1 Overview

We found out there are certain information we would need to obtain before we can find the
relationship; Emmert’s law and construction of common Ames rooms. Different art museums
had different sizes and measurements of Ames Room. We wanted to find out the projected height
of an average person in a room with different measurements so museums could build Ames

Rooms based on the projected height of the back man they wish to achieve.

2.2 Ames Room
oy
~~~~
S .
~~
~~~~~
Sy
G5 /a
-~
'S -~ |
v\ @Y ,’
Back man 4 P |
3 -~ I
-~
r I
) |
g - L I
— N I
~~~
~~~~ |
—
Z
Front man -
‘ -
-
| -~
-
>
1 -
e
r— -
2333 P
~=o _ I PR
T e /'
- S’ssll
figure 2.2

The Ames room is a trapezoidal room which a person views it from a peephole and two people
stand at two different corners of the room. The position of the back wall results in a giant and a

dwarf image of the actual height of the back man in the Ames room.
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2.2.1 Front Man

There is no projected height for the front man. When the eye visualizes the room as a rectangular
room, the front man will still be seen standing at its original position. Thus the only height that
can be seen is the actual height of the person, which remains constant throughout. Hence, we can

conclude that the size of the front man does not change.

2.2.2 Peephole

There is always a perspective drawing on the back wall, which has only one viewing point in
order to view it so the picture would not seem distorted. That only point is also the point, which
makes the back wall seem perpendicular to the sidewalls. Thus, people who view this room from
that point would see the room as in a rectangular shape. This viewing point is commonly found
to be in the middle thus the peephole of the room is also commonly placed in the middle of the

wall.

However, in rare cases where the peephole is nearer to the longer side wall, the projected height
of the back man would be bigger and vice versa. This is due to the line of sight. The shorter the

line of sight, the bigger the projected height of the back man and vice versa.

2.2.3 Back Man

The back man has a projected height. He stands further away from the peephole and the eye
would visualize the back man to seem smaller. There are other factors, which affect the projected

height of the man.
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2.3 Size constancy
Size constancy is the tendency of objects to stay the same in their apparent size even though they
move closer or further. The size on the retina changes as the distance from the object to the

observer changes. The greater the distance the smaller the image is seen.

Projected Bapk man actual
image ﬁhel ght

Constant size
retinal image

figure 2.3.2

As shown in figure 2.3.2 above, the thumb and the building are perceived to be of the same size
due to the distance away from the observer although they are obviously different in size. Since
the building is located further away from the point of view, it would seem smaller, same goes for
the thumb; since it is closer to the viewing point, it would seem bigger. When both objects are

compared to from the viewing point, the building would seem to be the same size as the thumb.
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2.3.1 Emmert’s Law

This law talks about size constancy. It states that the object of the same size would look different
in their linear sizes if they appear to be located at different distances. The distance determines the

apparent size. The greater the distance the smaller the image is seen and vice versa.

2.3.2 How it relates to Ames Room
In the Ames Room, our eyes will see that the two people are standing in normal room, since we

do not know the actual distance, we cannot determine their actual sizes.
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figure 2.3.2(a)
The red triangle is the visual field; it shows where the eye can see from the peephole. The

projected image of the man seen from the eye is along in this triangle; this triangle is similar to

the triangle in figure 2.3.1.
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Chapter 3: Methodology

3.1 Overview
We would be exploring on the angle of visual field, length ratio of the sidewalls and the ratio of

projected height versus actual height.

3.2 Finding the angle of visual field

Height of
the actual
man (k)

Distance of peephole from back man (d)

figure 3.2

Figure 3.2 depicts the red triangle in figure 2.3.2. We can use trigonometric functions to solve
for the angle of visual field.

opposite
tan or = PP
adjacent

"W" 10
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2a=2tan™ L3
2d
) . L h
Angle of visual field =2tan o

Thus we can conclude that the angle of visual field of the back man is 2tan™' %

3.2.1 Using Length A to find the angle of visual field

figure 3.2.1(a)

Length A is the distance from the actual position to the peephole. We can use Length A to

calculate the angle of visual field of the back man.

Before calculating Length A, we take it as the ratio of the length of the left wall is to the length of

the right wall is 1:2 as recommended in our readings.
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/ \J
figure 3.2.1(b)

We would name the length of the left wall L and the right wall 2L since the ratio of their lengths
is 1:2. Also, we would name the perpendicular distance between both walls to be W.

Using tangent, we can find the length L by using the angle £.
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figure 3.2.1(c)

From figure 3.2.1(c), we can conclude,

W
tanp=—
'B L

4
tan

By using Pythagoras theorem, we can find length A, which is the distance from the actual

L

position to the peephole. Since the peephole is in the middle, we can conclude,

A= (L)’ +(%j2

Since we have found length A, we can use subject of the formula to find the angle of visual field
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3.2.2 Using Length B to find angle of visual field

We are going to use the same method to find the angle of visual field but by using length B this

time.

We named the width distance between the projected image and the peephole y as it is an

unknown.
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figure 3.2.2(a)
Since we know L = W ,
tan

By using Pythagoras theorem, we can find length B,
B=\[*+y

Since we have found length B, we can use simultaneous equations and subject of formula to find

the angle of the visual field.
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figure 3.2.2(b)

S &

figure 3.2.2(c)

Since, 2ar=2tan™"' (ij
2d
-1 h projected
Therefore, 2a=2tan (#j
2B

h .
Thus we can conclude, Angle of visual field = 2a=2tan™' [—”’2”’;’6"]
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3.3 Relationship between projected height and actual height

When using length A,

Angle of visual field = 2a=2tan™' (—hgz“’j

When using length B,
h,.
Angle of visual field = 2ar=2tan™' (%ij

Since they are equal, we can equate them together,

h .
2 tan—l ( projected j — 2 tan—l (hactual )
2B 2A
(hprojected j — (hactual j
2B 2A

actual projected
A B
— B X hactual
projected
A

Now, we substitute in lengths A and B into the previous equation.

2
Subin A= (2L)2+(%) and B=\[L+y* into b, =5 ecna XZW ,

. h 7 +y?
Thus we can rewrite it as & = _actudl Y

projected W 5
2L) +()
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Then, we substitute L into the new equation.

Since L =

Thus,

tan 8’

2 2
— huctual + y

hprojected - -
\/ (2L)’ +(j

2
actual ﬂj + y

pmjected 5
. J (WJ
+| —
\/ tan 2

a( tual ’ tan IB
pm/ected
(2 X Wj ( j
+ -
\/ tan 8 2

W’ +y“tan ,[)’)

h2 B actual tan IB
projected — 4w 2 w 2
SO+
tan” 5 4
2 W)
h2 _ actual tan2 ﬁ
projected 4W2 ‘/‘/2
S+
tan" 5 4
2 actual (W” + y tan ’B)
projected — 16W?*+W?tan ,3
4
2 _ 4hictual (W2 + y2 tan2 ﬂ)

projected = W?(16+tan” )
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Thus we can get the projected height just by square root.

AR W4y tan® B)
projected W2(16 +tan’ B)

3.4 Ratio of the sidewalls

However, this equation can only be used with the condition of the ratio of the length of the
sidewalls is 1:2. Let n meters the length of the longer sidewall and m meters be the length of the

shorter wall,

figure 3.4

The angle of visual field would remain constant while only the lengths A and B may vary based

on the ratio sidewalls.
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3.4.1 when the ratio of the sidewalls is 1: n

We are trying to find a pattern of the final equations from 3 different case scenarios when the
ratio of the sidewalls is different. In case scenario 1, we would use the ratio 1:3, thus Length L

w
2tan

would be L=

By Pythagoras theorem,

A= /(3L)2+(%)2 and B=\L+y’

From the relationship between A, B, projected height and actual height before, we substitute A

and B into it.

B X hactuul

projected = A

2 2
actual L +y

hprojected = W 5
3L) +(j
J( )+

Followed by substituting L in,

2
W 2
h — | +
actual (2‘:3]’1 ﬁj y

hpr()jected = 5 )
( 3W j _{Wj
2tan B 2

 _ heua (W +4y tan” B)
projected 36W2 + 4W2 tanZ ﬁ
4
— 4hictuul (W2 + 4y2 tan2 ﬂ)
projected W2(36 + 4tan2 ,B)
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In case scenario 2, we will use the ratio of 1:4, thus Length L would be L= W
3tan S
By Pythagoras theorem,
A= /(4L)2+(%)2 and B=y[*+y
Substitute A and B in to solve for the projected height,
h — actual L2 + y2
projected W 5
\/(4L)2 +(j
2
Followed by substituting the L we just found,
W 2
h,, — | +y?
actual (3tanﬂj y
hprojected = 5 )
( AW j _{W j
3tan S 2
— hzctual(vv2 + 9y2 tanz ﬁ)
projected 64W2 + 9W2 tan2 ﬁ
4
— 4hictual (W2 + 9y2 tan2 ﬂ)
projected W2 (64 + 9 tan2 ﬂ)
In the first scenario, we managed to get
—_ 4hictual (W2 + 4y2 tan2 ﬂ)
projected W2 (36+4tan” B)
In the second scenario, we achieved this
— 4hictual(W2 + 9y2 tanz ﬁ)
projected W?(64+9tan® B)
Paya Lebar Methodist Girls’ School (Secondary) 21
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From both equations we managed to pick up a pattern in them which is

42| WP +(n=1)y? tan® B]
W 4n® +(n-1)*tan* B

projected —

3.4.2 When the ratio of the sidewalls is 2:n

We would use the exact same steps to find the general equation for when the ratio of the
sidewalls is 2:n. We would also use 2 case scenarios using different ratios but the ratios still fulfil

the requirement of 2 : n.

w
tan 8

In case scenario 1, we would use the ratio 2:3, L=

By Pythagoras theorem, we can find the lengths of A and B,

A= /(3L)2 Jr(%)2 and B=yQL)}+y".

By substitution,

— hactual V (2L)2 +y2

hprojected - - 2
3L) +(j
oy (!

Since L= W ,
tan
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) — hi('tual (4W2 + y2 tan2 ﬁ)
projected 9W2 +W2 tan2 ﬁ
4
) — 4hicmal (4W2 + y2 tan2 ﬂ)
projected W2 (9+tan2 ﬁ)

In the second scenario, we will use the ratio 2:5, thus L =

3tan S
By Pythagoras theorem,
A:w/(SL)2+(%)2 and B=\QL) +y’
Substitute both A and Binto f,, ., = BX Zacmal

_ ha('tual V (2L)2 +y2

hpmjected - - >
5L) +(j
ey (%

Substitute L,

2
2w )
h +
actual (3tanﬁ] y

hprujected = B N
BIp
3tan S 2

h . = hi(?tuul (4W2 + 9y2 tan2 ﬂ)
projected 100W2 n 9W2 tan2 ﬂ
4

4n2 . (4AW?>+9y’ tan® 5
W?(100+9tan’ )

projected —
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From scenario 1, we get,

projected —

4n’ ., (4W?+y’ tan® )
W?(9+tan” )

From the second scenario, we get,

projected —

4hzcml (4W?+9y” tan’ B
W?(100+9tan’ )

From both final equations, we managed to find a pattern and concluded with this general

equation for when the sidewalls are in the ratio of 2 : n.

AR, OW? +(n=2)"y" tan® B
projected Wz'_4(n _ 2)+ (l’l _ 2)2 tan2 ﬁj

3.4.3 When the ratio of the side walls is 3:n

We shall repeat the exact same steps again for two different scenarios when using ratios of the

sidewalls, which satisfy the 3:n condition.

In scenario 1, we will use the ratio 3 : 4, thus L would be L= i
tan

By Pythagoras theorem,

A= /(4 L)+ (%)2 and B=\(L)+y’

Again, we substitute A and B into the previous equation we derived at,

h . J = hd(?tuul\/m
projecte d
w
4L) + )
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Then substitute L,
3w )
hactual ( j +y ?
B tan

hpmje('ted - 5 )
( AW ] (Wj

+ -

tan 8 2

hi(‘tual (9W2 + y2 tanz ﬁ)

projected — 64W2 +W2 tanZ ﬁ
4
projected W2 (64 +tan’ f)
In the second case scenario, we will use the ratio of 3:5, thus L= W
2tan

By Pythagoras theorem,
A= /(SL)2 + (%)2 and B=+(L)+)’

Substitute both into the same equation, which previously used,

— h’uctuul V (3L)2 + y2

hpro_/'ected W 5
5L) +(j
J( )+

2
3W 2
h +
actual (2‘:3]’1 ﬁj y

hpr()jected = 5 )
( sw j _{Wj
2tan B 2

_ [PaOW +ay an’ B
projected 25W2+4W2 tanZﬁ
4

Then substitute L,
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projected —

4n . (W’ +4y’ tan® )
W?(25+4tan” )

From the first scenario, we got,

h — 4hictual (9W2 + y2 tan2 ﬂ)
projected W2 (64 + tanZ ,8)
From the second scenario, we got
" _ 4h§cm, ow?* +4y2 tan’ B)
projected W2(25+4tan’ B)

From both scenarios, we can conclude there is a pattern and have derived the general equation of

when the ratio of the sidewalls fulfill the condition of them being in 3:n.

L 4hi.n,a;L(3Z)W2 +(n-3)"y" tan” B
projected W2L4(n _ 3) + (l’l _ 3)2 tan2 ﬂJ
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3.4.4 General Equation

We noticed that there was a pattern among the general equations we derived at. The following

table shows the general equations we got from the different ratios of the sidewalls.

Ratio of the sidewalls General equation derived at
h 4hictual LWz + (n - 1)2))2 tan2 ﬁj
1:n projected W2'_4n2 + (n_ 1)2 tan2 ﬁj
h _ 4hi(rtua(L(22 W? +(n-2)"y tanzllb’J
2:n projected W2'_4(n _ 2)+ (n _ 2)2 tan2 ﬁJ
A B 4himzt(32)W2 +(n—3)"y* tan’ ﬁj
3:n projected Wz'fl-(l’l . 3)+ (l’l _ 3)2 tanz IBJ

We noticed that the equations were all similar and came up with an overall general equation with

n meters as the longer side wall and m meters as the shorter side of the wall.

Hence, we conclude that

h — a(rt?dlezwz + (n - m)2 y2 tan2 IBJ
projected W2 '_4(” _ m)2 + (n — m)2 tan2 ,BJ

4h’
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Chapter 4: Conclusion

4.1 Conclusion

We studied Emmert’s Law and realized it was related to the optical illusion found in the Ames
room. We noticed the effect of this optical illusion was due to the angle of the back wall and the
perspective daring on it. The angle of the back wall increases the distance between the back man
and the peephole thus the person would seem smaller while the other person is bigger than the

other due to the shorter distance between the peephole and the front man.

We used trigonometry to find the Lengths of certain parts of the room. Then we went on to
express the angle of visual field using different lengths like lengths A and B. Since the angle of
visual field remains constant, we used simultaneous equations and equated them together to get
the first general equation. However, it was limited only to those Ames rooms whose sidewalls
have a ratio of 1:2. Thus, we explored into that aspect even further and discovered a new general

equation regardless of the ratio of the side walls which is

41

actual

h [ W? +(n—m)?y* tan® ]
projected — WZ'_4(n_m)2 +(n_m)2 tan2 ﬁj
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